
VOL. 8, NO. 5, MAY 1970 AIAA JOURNAL 843

Numerical Solution of the
Hypersonic Viscous Shock-Layer Equations

R. T. DAVIS*
Virginia Polytechnic Institute, Blacksburg, Va.

Laminar flow past axisymmetric blunt bodies moving at hypersonic speeds is considered
on the basis of a set of equations which govern the fully viscous shock layer for moderate to
high Reynolds numbers. The shock-layer equations are derived by writing the full Navier-
Stokes equations in boundary-layer coordinates and performing an order of magnitude analy-
sis on the terms in the equations. Terms are kept up to second order in the inverse square
root of the Reynolds number from both a viscous and an in viscid viewpoint, so that the sim-
plified governing equations are uniformly valid to moderately low Reynolds numbers. To the
order of the approximations involved the body surface conditions are given by slip and tem-
perature jump conditions while a set of shock slip conditions are used to determine condi-
tions behind the shock. The thin shock-layer approximation is then applied to the simplified
set of governing equations, and the resulting equations are found to be of parabolic type.
This is an important simplification as far as numerical solution of the problem is concerned
since these equations can be solved by numerical methods similar to those developed for
solving the boundary-layer equations. The numerical procedure consists of finding initial
data at the stagnation line and then integrating downstream using an implicit finite dif-
ference method. The thin shock-layer approximation is then removed by iteration. Rather
than work with the governing equations in the usual boundary-layer coordinates, it is found
that it is more convenient to work with the equations in a transformed form. New dependent
variables are defined by dividing the old dependent variables by their local values at the shock.
In addition, a new normal independent variable is defined by dividing the old normal variable
by the local distance from the body to the shock. Examples are presented to demonstrate
the method and to compare with second-order boundary-layer theory.

Nomenclature

ai = slip constant taken to be 1.2304 (2 — 0r)/0r
a* = body nose radius of curvature
61 = slip constant taken to be 1.1750 (2 — 0r)/6r
Ci = slip constant taken to be 2.3071 (2 — at)/at
CD = drag coefficient based on the local cross-sectional area,

2 Drag/Cpo.tf.M)
Cf = skin friction coefficient, 2rw*/(Pm*Um*2)
CP* = specific heat at constant pressure
H = total enthalpy, H*/U^
Ma, = freestream Mach number
n = coordinate measured normal to the body, nondimen-

sionalized by the body nose radius
p = pressure, p*/(pm*Um*2)
q = heat-transfer, <z*/(p°°*^oo*3)
r = radius measured from the axis of symmetry to a point on

the body surface, nondimensionalized by the body nose
radius

s = coordinate measured along the body surface, nondimen-
sionalized by the body nose radius

St = Stanton number defined by equation (2.25)
T = temperature, T = T*/(Um*2/cp*}
Tm* = freestream temperature
u — velocity component tangent to the body surface ^*/f700*
f/^* = freestream velocity
v = velocity component normal to the body surface, v*/U00*
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= axial distance measured from the stagnation point
= shock angle, see Fig. 1
= thermal accommodation coefficient, taken to be 1
= angle defined in Fig. 1
= ratio of specific heats

, .= perturbation parameter,
= fraction of incident molecules diffusely reflected, taken

to be 1
= surface curvature, nondimensionalized by the inverse of

the body nose radius
= coefficient of viscosity, /* = M*/M*(£^oo*2/cp*)
= density, p = p*/Pco*
= freestream density
= shear stress, r*/(p00*C700*2)
= body angle defined in Fig. 1

Subscripts
io = wall value
0 = stagnation point value
sh = value behind the shock
oo = freestream conditions

Superscripts
— = quantities divided by their shock values
* = dimensional quantities
j = 0 for plane flow and 1 for asixymmetric flow

1. Introduction

THE problem of computing the hypersonic laminar flow at
moderate Reynolds numbers past axisymmetric blunt

bodies is an interesting one and has attracted considerable
interest due to the application to re-entry problems. One
may approach the problem in several ways. Two of these
methods are through numerical solution of the second-order
boundary-layer equations and through numerical solution of
the viscous shock-layer equations.
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Fig. 1 Coordinate system.

The idea of using the second-order boundary-layer theory
of Van Dyke1 to compute the flowfield is appealing; however,
this approach can lead to considerable difficulty. This diffi-
culty arises for two different reasons. First, the computing
time from using second-order boundary-layer theory is exces-
sive since one must compute the inviscid flow, first-order
boundary-layer flow, flow due to displacement thickness and
then the second-order boundary-layer flow. Second, one can
experience difficulty on long axisymmetric blunt bodies since
second-order boundary-layer theory in its present form does
not properly take into account the effect of strong vorticity
interaction which may occur far downstream on bodies of this
type. In spite of this, Davis and Fliigge-Lotz2 have de-
veloped a numerical method, based on the earlier work of
Blottner and Fliigge-Lotz3 for solving the first-order bound-
ary-layer equations, to solve the axisymmetric second-order
boundary-layer equations. Fannelop and Fliigge-Lotz16 have
applied essentially the same method to plane problems. This
method is successful as long as one does not have problems
with strong vorticity interaction, and has access to a numeri-
cal method for solving for the first-order inviscid flow and for
the second-order inviscid flow which arises due to displace-
ment thickness. Davis and Fliigge-Lotz2 and Fannelop and
Fliigge-Lotz16 used an approximate method to calculate the
flow due to displacement thickness; however, later Marchand,
Lewis and Davis4 and Adams5 calculated the flow due to dis-
placement thickness exactly, and applied the method to a
number of other flow problems.

Because of the difficulties mentioned above it is desirable
to seek an alternate method of approach to the problem.
The most appealing method is one originally suggested by
Cheng6 (see also Cheng15) for solving a set of equations valid
in the entire shock layer. Davis and Fliigge-Lotz2 have given
a similar set of equations, but ones which contain some second-
order curvature terms left out of Cheng's theory. These
terms only effect the solution when 7 is not close to 1. Kaiser
and Fliigge-Lotz14 have shown that these curvature terms
have a fairly significant influence on stagnation region shock
stand-off distance and skin friction for 7 = 1.4. The shock-
layer equations contain all of the terms in the Navier-Stokes
equations which contribute to second-order boundary-layer
theory for arbitrary 7 plus those which arise to second order
in the outer inviscid flow. By making the thin shock-layer
approximation on the resulting momentum equation normal
to the body surface, these equations are reduced to a set of
equations which are parabolic and can thus be solved nu-
merically in a manner similar to the method of Blottner and
Fliigge-Lotz3 for solving the first-order boundary-layer equa-
tions. This approximation is removed by iterating on the
normal momentum equation which includes the neglected
terms. Fast convergence is achieved since 7 is close to one.

Cheng Js6 equations are applicable to either the direct or in-
verse problem. However, he applied the method to only the
inverse problem so that better accuracy could be gained.
The method presented here is applied to the direct problem
only and determines the shock shape if the body shape is
given. The method is fast in terms of computer time and
avoids the difficulty of strong vorticity interaction encoun-
tered in second-order boundary-layer theory.

We choose here to consider only the axisymmetric problem;
however, the plane problem can be handled in exactly the
same manner. We consider only the case of a perfect gas;
however, no difficulties should be encountered in extending the
method to chemically reacting flows.

The method to be discussed here is similar in idea, but
represents a vast improvement in the method developed by
Davis and Chyu7 and Chen.8

2. Formulation of the Problem

The compressible Navier-Stokes equations are written in a
boundary-layer coordinate system (see Fig. 1) and nondi-
mensionalized (see Nomenclature) by variables which are of
order one in the region near the body surface (boundary layer)
for large Reynolds numbers. This set of equations and vari-
ables are given by Van Dyke.1 The same set of equations are
then written in variables which are of order one in the essen-
tially inviscid region outside the boundary layer. Terms in
each set of equations are kept up to second-order in the in-
verse square root of a Reynolds number. A comparison of
the two sets of equations is then made and one set of equations
is found from them which is valid to second order in both the
outer and inner regions. A solution to this set of equations is
thus uniformly valid to second-order in the entire shock layer
for arbitrary 7.

The shock-layer equations obtained from keeping terms up
to second order are of a hyperbolic-parabolic nature. If terms
were kept up to third or higher order, the equations would be
elliptic and thus very difficult to solve numerically.

A final approximation is made to the shock-layer equations
by making the thin shock-layer approximation to the normal
momentum equation. The purpose of this approximation is
to make the equations totally parabolic. This final set of
equations can then be solved by numerical methods similar to
methods used in boundary-layer theory. An iteration
method will be used to remove this approximation.

A more detailed discussion of the shock-layer equations can
be found in a paper by Davis and Fliigge-Lotz.2 Weinbaum9

has discussed the same set of equations, but applied to the
near wake problem.

The viscous shock-layer equations are given by the follow-
ing:
continuity equation

[(r + n cos<t>yPu]s + [(1 + nri)(r + n cos0)'/w]B = 0 (2.1)

s momentum equation

p{u[us/(l + Kri)] + vun

ps/(l + KW) = [c2

[(1

KU)]UV}
(r + n

2(r + n
X

where

T = {ji[un- KU/(l

n momentum equation

p{u[vs/_(l + Kri)] + vvn - [K/(l + K

(2.2a)

(2.2b)

= Q (2.3a)

where with the thin shock-layer approximation this Eq. (2.3a)
becomes

Kri)]pu* (2.3b)
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energy equation

} + vTn} - {u[ps/(l + K
[e2/(l + /m)(r + n cos </>)']

[(1

where

) !Tn

equation of state

and viscosity law

where

P = [(7 -

c> = c*/(7 -
c* is taken to be 198.6°R for air.

Consistent with the approximations used in the above set
of equations the boundary conditions are given as below.
Slip at the body surface is a second-order effect and is thus
included here, we also consider the case of shock slip even
though it is a third-order effect.

The conditions at the body surface are given by (see Fig. 1)
the following:

surface conditions

v = 0
u = e*a.

p = pw

T = Tw

- l)/y]T}l'*q
at n = 0

shock relations for finite Mach number when slip is not
present.

up*} = If one examines Eqs. (2.1-2.6), it is found that the equa-
tions are parabolic if Eq. (2.3b) is used for the normal pres-
sure gradient. These equations are quite similar to the
compressible boundary-layer equations.

For ease in numerical computation a different form of Eqs.
(2.1-2.6) is used. This is done in the case olthe independent
normal variable in order to have a constant number of steps
in the finite difference grid between the body and the shock.
This eliminates interpolation to determine the shock position
and eliminates the problem of adding grid points in the nor-
mal direction as the computation proceeds downstream from
the stagnation point. The transformation is also important
as far as the iteration method to determine the shock position
is concerned. This will be discussed later. We also define
new dependent variables by dividing the old dependent vari-
ables by their local values at the shock. The new dependent
variables thus have the value one at the shock.

The new independent and dependent variables are defined
by

77 = n/nsh (2.9a)

£ = s (2.9b)

u = u/ush (2.9c)

v = v/Vsh (2.9d)

I = T/Tsh (2.9e)

p = P/Psh (2.9f)

P = P/P*h (2.9g)

M = fJi/^sh (2.9h)

(2.4a)

(2.4b)

(2.5)

(2.6a)

(2.6b)

(2.7a)

(2.7b)

(2.7c)

(2.7d)

In the above ai, 61, and ci are constants (see Shidlovskiy10 and
Nomenclature) and the subscript w refers to the body surface.
The above boundary conditions can be modified to include
mass injection at the boundary. Equation (2.7c) is not used
as a boundary condition, but is needed to obtain the surface
pressure.

The conditions at the shock including slip are given by (see
Fig. 1),
shock conditions

ush = u'sh sin(a + /3) + v'sh cos(a + 0) (2.8a)

Vsh = ~u'sh cos(a + /3) + v'ah sin(a + 0) (2.8b)

where u'sh and v'sh are the components of velocity tangent and
normal to the shock interface, respectively, and are given along
with temperature, pressure, and density from the following
expressions :

pshv'ah = — sina (2.8c)

e2fJiSh(ufn)Sh + smau'sh = sina cosa (2.8d)

- (sma/2)(u'sh - cosa)2 =

n2a + [2/(T - 1) -
- 4/(7 + l)2Mra

4sin2a} (2.8e)
2a - (7 - l)/7(7 + 1)M«2 (2.8f)

I)?7.* (2.8g)

sina/2{ [4T/(7
4(7 - l)/(7 +

Psn = [2/(7

I)2

I)2]
1)]

The angles used in the shock conditions are shown in Fig. 1.
Primes used with ush and vsh denote components evaluated
tangent and normal to the shock interface, respectively. All
other quantities used in the boundary conditions and govern-
ing equations are as defined in the Nomenclature. The con-
ditions given are slightly different from those of Cheng6'15

and Bush17 in that they have been modified to give the exact

The differential relations needed to transform Eqs. (2.1-
2.6) are given by

= (l/nsh)

(2.10a)

(2.10b)

(2.10c)

where

The s momentum and energy Eq. (2.2a and 2.4a) written in
the transformed £, rj plane can be written in the standard form
for a parabolic equation as

= 0 (2.11)

where w equals u for the s momentum equation, and I for the
energy equation. The coefficients 0.1 — a± can be written as
follows :
s momentum equation

pur] _ pShVshnSh pv Mn .
- -9!.. rr ' rr »

Qi2 = —

1 + Knshrj ' r + n8hrj costjf)

nsh pu pShVShnsh Knsh

(2.12a)

nsh
I + K.nshrj

* (-
J \ l

1 + KnshT)

r + nshr]

(2.12b)
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Fig. 2 Comparison of present results with those of
Cheng.13

nsh

^ ̂  + ̂  p ) (2.l2c)

(2.12d)

energy equation

pshU8hn'8h<r ns]

1 +

PshVshUshQ- PV MT?

€2fJLsh M M

(2.13a)

pShUshnsha

(2.13b)

*'« _ \ ,
^P) +

(2.13d)

[nsh(r + nshrj cos<t>) p8hU8hpu]i: + [(r + nshf] cos0) X
{(1 + Knshrj)pshvshpv — nf

shpshushpu7j}]r] = 0 (2.14)

The remaining equations are written as follows :
continuity equation

Fig. 3 Skin friction in the stagnation region as a function
of€ .

n momentum equation

pu
vsh / ush nsh

Ush _ _ 2—— p^2

Vsh

Psh
n /O 1 K \= 0 (2.15a)

where with the thin shock-layer approximation this equation
becomes

+ Knshr])(pshu2
shnsh/psh)

P = &
equation of state

viscosity law

where c' is as denned in Eq. (2.6b).
The boundary conditions become :

surface conditions

v = 0

u = e2ai (iJiSh/nshpshp)
TaJ

t = tw + €2ci (fj,sh/nth

conditions at the shock

X

Jit,

(2.15b)

(2.16)

(2.17)

(2.18a)

at 77 = 0 (2.18b)

(2.18c)

u = v = i = p = p = ji = l at 77 = 1 (2.19a-f)

The shock conditions are now involved in the governing Eqs.
(2.11-2.15) and are obtained from Eqs. (2.8a-g). In the
above Eqs. (2.12-2.15) ( )' means d( )/d£, which should
not be confused with the primes in Eqs. (2.8) which are de-
nned differently.

An equation of mass conservation can be obtained from Eq.
(2.14) by integrating from 77 = 0 (the body) to 77 = 1 (the
shock) while holding f constant. This results in

= (r na

where

m = I nsh(r•/ o

[n'8hp8hu8h —

+

(2.20)

(2.21)

is proportional to the rate of mass flux between the body and
shock at a given position on the body surface.

Equations (2.20) and (2.21) will be used to determine the
shock location in the numerical method which determines the
flowfield.

Fig. 4 Stanton number in the stagnation region as
function of e.
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The dimensionless shear stress, heat transfer and wall pres-
sure (see Nomenclature) are given by

Cf = 2e*(ij,shush/nsh)il[(c)u/<)>n') - mshu] % (2.22)

qw = -e*(iJ,shTsh/nsho-)fl()i/<)r] - I
€2(fj,shu2

sh/nsh)jlu()u/()ri \ at 77 = 0 (2.23)

and

pw = p - X

[(7- J

while the Stanton number is defined as

St = qw/(H0 - Hw)

(2.24)

(2.25)

The second term in Eq. (2.23) is a term which arises only
in slip flow and is due to sliding friction (see Maslen11). If
wall injection is present in slip flow, additional terms arise in
these shear stress and heat-transfer expressions.

3. Solutions in the Stagnation Region

The governing Eqs. (2.11-2.17) reduce to ordinary differ-
ential equations in the stagnation region if Eq. (2.15b) is used
for the normal pressure gradient. This can be done by ex-
panding the shock conditions (2.8a-g) in power series. If Eq.
(2.15b) is used for the normal momentum equation, no trunca-
tion of the series is required and the series can be integrated
term by term indicating that the equations are parabolic.
There is a difficulty with the boundary conditions, however.
This can be demonstrated as follows. Assume a power series
for the shock shape in the form

nsh = nshl + S2ns (3.1)

Using this relation in Eq. (2.8a) for ush along with Eq. (2.8c-g)
and simplifying we can find an expression for ush in terms of a
power series. For simplicity we consider here only the no
slip case. The first term in the series is of the form

= [I - [2/(T X
nshl)} (3.2)

A similar expression results for the pressure behind the shock.
This is given by

Psh =
2 7 - 1

7(7 + 7 + 1
X

L __ 2nsh2 V
\ 1 + nshj

+ .. . (3.3)

•Vsh', Tsh, and psh do not involve nsh2 in the first terms of their
expansions.

The difficulty mentioned is that nshz cannot be determined
from the stagnation region equations. It is a quantity that
depends upon the flow downstream. We must therefore as-

Fig. 6 Temperature profiles in the stagnation region.

sume a value for n^. The usual assumption is to assume
that it is zero. In order to find stagnation region solutions
we do this, but later we show how this assumption can be re-
moved. It will be shown that the assumption that nshz = 0
is included in the assumption of local similarity and can result
in an error of about 20%. The influence of the downstream
shock shape on the solution has the effect of making the prob-
lem elliptic rather than parabolic. Fortunately, in some cases
the problem is so weakly elliptic that the elliptic nature of the
boundary conditions can be overcome by iteration. It may
be possible to treat n8hz as an initial condition and determine
it from the condition that the solution proceed downstream.
This possibility has not been explored.

Figures (2-9) are the results obtained from solving the
governing equations in the stagnation region. These results
will be discussed later. The next section will deal with the
method of solution of the equations.

4. Method of Solution

In this section we discuss the method of solution of the
problem. The problem basically reduces to the solution of
parabolic partial differential equations. There are many
ways to solve this type of equation. The method that will
be used here is similar to the method that Blottner and
Fliigge-Lotz3 developed for solving the boundary-layer equa-
tions. This method has been shown to be stable and accu-
rate. A few modifications have been made to the method to
solve the present problem. Below we will give a brief discus-
sion of the application of this method to the present problem.

The derivatives in Eq. (2.11) are replaced with finite dif-
ference quotients. In order to handle high Reynolds number
cases we allow for variable grid spacing in the 77 direction so
that we can use many points in the region near the body sur-
face where the variables are changing rapidly. Let the sub-
script m denote the station measured along the body surface
and n denote the station measured normal to the body sur-
face. It can then be shown by Taylor series expansions that

Fig. 5 Velocity
profiles tangent
to the body sur-
face in the stag-

nation region.

T——i—i—i——i—i——i——i——r
ALTITUDE = 250.000ft

U-s- 20.000 ft/sec
T fT =0.0535

Fig. 7 Shock
stand-off dis-
tance in the stag-
nation region as
a function of €.

.2 .3 .4 .5 .6 .7 .8 .9 1.0

sh
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THIN SHOCK LAYER n . = 0-sh

45° HYPERBOLOID

1.40
0. 70

[2/A?7n_i(A?7n

Fig. 8 Skin friction in the stagnation region as a function
of e.

central differences taken in the 77 direction at the point m,n
are

,«Al7nA)7n_i (4.1)

(4.2)

The subscript n on a step increment denotes the step from the
nth to the n plus first point.

The derivative in the £ direction in Eq. (2.11) is handled in
the usual way as a two-point difference. If the derivative
dw/d£ is evaluated at the midpoint (m — %,ri) and the other
terms are averaged we obtain the Crank-Nicolson scheme. If
a backward difference is used for dw/d£ at the point (m,ri)
and all other quantities are evaluated at (m,ri) also we obtain
a purely implicit scheme. The implicit method is more
stable than the Crank-Nicolson scheme; however, it was
found that in the present problem both schemes were stable
as long as shock slip was not included. When shock slip was

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
S • DISTANCE ALONG SURFACE I N N O S E R A D J I

Fig. 10 Skin friction on a 45° hyperboloid.

included it was found that the Crank-Nicolson method could
become unstable. This was probably due to the way in
which the shock slip was handled. The truncation errors in
the £ direction in the Crank-Nicolson scheme are smaller
[0(A£)2] than those in the implicit scheme [0(A£)1, therefore
one would expect more accurate results from the Crank-
Nicolson scheme for a given step size A£. The numerical re-
sults do not show much difference, however, between the two
methods for a given step size A£. Experiments were run to
demonstrate convergence as AT? and A £ go to zero.

When the difference quotients are substituted into the dif-
ferential Eq. (2.11) a difference equation of the following form
results.

CnWn+l = D (4.3)

The solution to this equation is straightforward once the
boundary conditions are given. For the method of solution
one is referred to Richtmyer.12 The boundary conditions at
the wall are given by writing the slip conditions Eqs. (2.18b)
or (2.18c) in three point forward difference form. Manipula-
tion of this equation, Eq. (4.3), and the equation for the solu-
tion to the problem allows one to determine a condition to
satisfy the wall conditions. The condition at the shock is
given by W = 1; however, the shock conditions now appear
as unknown coefficients in the Eqs. (2.12) or (2.13).

The method of solution is then as follows. Start at the
stagnation-point where dw/d£ = 0. Equation (2.11) then
reduces to an ordinary differential equation. Care must be
taken to evaluate the pressure gradient term properly in the
stagnation region. This can be done by series expansion.
Make initial guesses for all of the flow profiles. Integrate,
using the finite difference method, the energy Eqs. (2.11 and
2.13). Now evaluate all quantities related to temperature
such as viscosity. Next, integrate, in the same manner, the
s momentum Eqs. (2.11 and 2.12) to determine a u velocity
profile. Next integrate the continuity Eq. (2.14) to deter-
mine first the shock stand-off distance from Eq. (2.21) and
then the v component of velocity from Eq. (2.14). In the
stagnation region these equations must also be handled with
series expansions. Finally integrate Eq. (2.15) to determine

Fig. 9 Stanton number in the stagnation region as a
function of e.

0.5 1.0 1.5 2.0 2.5 3.0
S = DISTANCE ALONG SURFACE IN NOSE R A D I I

Fig. 11 Shock stand-off distance on a 45° hyperboloid.
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I I I I ! ! I I

Fig. 12 Velocity profiles tangent to the body surface of a
45° hyperboloid.

the pressure. Evaluate the coefficients in the equations using
the shock conditions Eq. (2.8) and the new value of nsh. Re-
peat the above steps until the solution converges. Then step
along the body surface and iterate at each step if necessary.
The previous values of the profiles are used at each new step
as a first guess. It was found that there was very little
change after the second iteration at each step except at the
stagnation point where more iterations are needed.

In the first approximation we assume that n'sh is equal to
zero at each step on the body surface. We also use Eq.
(2.15b) in the first approximation. We will call this approxi-
mation the thin shock-layer approximation, and solutions ob-
tained using this approximation will be labeled thin shock-
layer in the figures. In the second approximation, we use
nf

sh calculated from the stand-off distance in the first approxi-
mation. We also use the v terms calculated in the first
approximation to approximate the v terms in Eq. (2.15a) in
the second approximation. Further iterations are performed
until the solution converges. Converged solutions of this
type will be labeled full shock layer in the figures. These
approximations on n'sh and the v terms in the normal momen-
tum equation are necessary in order to make the equations
parabolic.

The shock-slip conditions Eq. (2.8) were handled by simply
evaluating the (u'n)Sh and (Tn)sh terms from the previous step
in the iteration and then solving the resulting equations for
the shock conditions. This was found to converge even for
fairly small values of Reynolds number.

The option of using variable grid spacing in the 77 direction
helps in high Reynolds number or cold wall cases. The com-
puter program contains the variable spacing option, which
has been used with success in decreasing the computation time
while attaining high accuracy. If one looks at the truncation
error terms in the 77 direction in Eq. (2.11) using Eqs. (4.1)

Fig. 14 Skin friction on a 45° hyperboloid.

and (4.2) one finds that they are

relative truncation error =
) X

„ (4.4)

We have neglected the last term in Eq. (4.2) since it will be
small. From a constant step size calculation we can calculate
the terms in the brackets. Then by setting the relative trun-
cation error equal to a constant we can calculate the grid
spacing ̂ n that would produce the desired truncation error.
Using this new step size distribution we can then recalculate
a solution which, for the same number of steps in 77, should be
much more accurate. A calculation of this type done at the
stagnation point can save considerable computing time for a
computation that goes far downstream. A method could be
devised for changing the grid spacing as we go downstream
also; however, in the present program the grid spacing de-
termined at the stagnation point is used at every downstream
station.

5. Discussion of Results

As a check on the method of solution, stagnation region
solutions were calculated to compare with some of the results
of Cheng.13 Cheng gives extensive results but only a few
points are shown to point out the agreement that is obtained.
Identical flow conditions were assumed. The results are
shown in Fig. 2 for Stanton number. Even though the equa-
tions are slightly different from Cheng' s, one sees that the
results are almost identical. The K2 parameter is a parame-
ter defined by Cheng13 and Res is the Reynolds number behind
the shock on the stagnation streamline. The characteristic
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Fig. 13 Temperature profiles normal to a 45° hyperboloid
surface.
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Fig. 15 Stanton number on a 45° hyperboloid.
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Fig. 16 Pressure distribution on a 45° hyperboloid.

length taken in the shock Reynolds number is the body nose
radius. The term nsh2 in Eq. (3.1) is taken to be zero and the
thin shock-layer approximation is made on the normal mo-
mentum equation in the calculations. The influence of these
assumptions will be shown later.

Figures (3-6) are stagnation line results for a typical flow
situation. Again n^ is taken to be zero. The freestream
conditions were taken to be standard atmospheric conditions
at 250,000 ft with a freestream velocity of 20,000 fps. Prandtl
number a is taken to be 0.7, the ratio of specific heats 7 is
taken to be 1.4, and Sutherland's viscosity law is used. If
the body nose radius of curvature is chosen to be one inch, then
e turns out to be 0.224.

The results shown in Figs. 3 and 4 indicate that for low
Reynolds numbers, shock and body slip are large effects, in
fact above values of e of about 0.2, they should not be ne-
glected. These two figures also give some indication of the
range of validity of second-order boundary-layer theory. For
both skin friction and Stanton number, second-order bound-
ary-layer theory predicts an increase over first-order theory,
therefore, these curves should show an upward curvature
initially as they do. The trend has already reversed at
around an e of about 0.3, so second-order boundary-layer
theory appears to only be valid to an e of about 0.2. If one
looks at Figs. 5 and 6 one notices that this is about the value
of e when the viscous layer extends from the body to the
shock. One would not expect that even higher order bound-
ary-layer theory would be valid when there is no distinct
boundary-layer or outer inviscid flow. The velocity and tem-
perature profiles shown in Figs. 5 and 6 are for the case when
both shock slip and body slip are included.

A typical case was chosen to compare the present results
with second-order boundary-layer theory. Complete second-

1035.0 0.79 83 0.1189 o 1
149.0 0.71 107 0.3249 A 2
90.0 0.65 174 0.3659 o 3
22.0 0.45 274 0.6950 v 4

order calculations have been made by Adams5 for flow over a
hyperboloid which is asymptotic to a cone of 45° total interior
angle. For purposes of comparison the same flow conditions,
viscosity law, etc. were chosen here. Freestream Mach num-
ber Mm is 10.0, e is 0.1806, Prandtl number a is 0.70, and the
ratio of specific heats 7 is 1.40. The ratio of wall to inviscid
stagnation point temperature is taken to be 0.2. Shock and
body slip are included in all calculations.

Figures 7-9 indicate the effect of various approximations at
the stagnation point. Figures 10 and 11 show the solutions
for one particular value of e at points along the body surface.
In the first approximation n'8h is taken to be zero at every
point along the body surface and the v terms are neglected in
the normal momentum Eq. (2.15a). The lower curve in Fig. 7
shows the stand-off distance at the stagnation point as a func-
tion of e with these approximations. Figure 11 shows the dis-
tribution of nsn along the body surface for one particular value
of e. The values of n'8h arid v calculated from this approxima-
tion are put back into the equations and the equations are
integrated again resulting in a new solution. In subsequent
iterations the previous calculated values of the quantities
n'sh and v are used. As is shown in Figs. 10 and 11 the con-
vergence is achieved in two steps. This is due to the fact that
7 is close to one. There is very little difference in the results
in further iterations as the figures show. These results are
also a good check of the assumption of local similarity at the
stagnation point. The effect of n'8h being taken equal to zero
represents an error of about 20% in itself at the stagnation
point in calculating skin friction as is shown in Fig. 8. This
is found by comparing the two thin shock-layer calculations,
one including the effect of n'sh, the other not. The effect is
not as pronounced on other flow quantities such as Stanton
number shown in Fig. 9. Kaiser and Fliigge-Lotz14 have
found similar results for flow past a sphere in using the method
of series truncation. It is interesting to note that the shock
stand-off distance at the stagnation point converges to the
exact inviscid value as e goes to zero (i.e., Reynolds number
goes to infinity). The value obtained at Arnold Engineering
Development Center (AEDC) from an inviscid blunt-body
solution using the Lomax Ames program gives a value of
0.1498 for the stagnation point shock stand-off distance under
identical freestream conditions. Figure 7 shows that a value
very close to this is being approached as e goes to zero. Other
flowfield quantities show similar correct trends.

One reason that the method works so well is that the shock
stand-off distance in the first approximation is quite close to
the final result and therefore the n'sh value calculated from the
first approximation is quite accurate. Figure 11 indicates
this and also shows that the stand-off distance does not change
after the second iteration.

EXPERIMENTAL CONDITIONS OF LITTLE 18 -

1035.0 ' 0.79 83 0.1189 o 1
149.0 0.71 107 0.3249 A 2
90.0 0.65 174 0.3659 0 3
22.0 0.45 274 0.6950 v 4
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Fig. 17 Drag coefficient for a 90° hyperboloid. Fig. 18 Drag coefficient for a 45° hyperboloid.
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Fig. 19 Drag coefficient for a 20° hyperboloid.

Figures 12 and 13 show velocity and temperature profiles at
various stations along the body surface. These were obtained
from the second iteration. One sees clearly how the linear
type velocity profile is swallowed up as the outer flow becomes
an inviscid cone type flow.

Second-order boundary-layer theory gives erroneous results
when applied to a problem of this type. Figure 14 shows the
result of applying second-order boundary-layer theory to the
problem. The effect of strong vorticity interaction is not
taken care of properly by second-order boundary-layer theory.
Figures 15 and 16 show similar comparisons for Stanton num-
ber and surface pressure.

Figures 17-19 show a comparison of results obtained from
the present method with experimental results obtained by
Little.18 The test cases were for a range of shock Reynolds
numbers resulting in different values of e and for flows over
hyperboloid shaped bodies of various lengths opening to
asymptotic total interior angles of 90°, 45°, and 20°. The
numerical calculations were performed including both shock
and body slip.

Little18 has mentioned that some of the data for the 90°
hyperboloid cases is not applicable to the present calculations,
especially for the short bodies, since the bodies were not long
enough for the flow to reach a supersonic condition before the
base of the body was reached, This should explain the scat-
ter in the data for this case. The same type of scatter is not
present in the other cases and the data seems to follow a
definite trend. Use of values of Or and at in the slip condi-
tions other than one would reduce the drag and would make
the calculations agree better with the experiments. Little
estimates his possible experimental error in drag at plus or
minus seven percent. In general, the calculations fall within
these error bounds.

6. Conclusion

A method has been discussed for solving the viscous shock
layer eqs. (2.1-2.8) which are valid for arbitrary 7 but moder-

ate to high shock Reynolds numbers. Comparison with the
experimental results of Little18 indicates that the method
gives reasonable results to much lower values of Reynolds
number than one would expect. Comparison with Cheng6

indicates good agreement even for a value of 7 of 1.4 and one
would thus generally consider the effect of the curvature terms
to be negligible for most engineering applications.
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